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This work investigates the closed-loop operation of microelectromechanical oscillators in the pres-
ence of both cubic (Duffing) nonlinearities and parametric amplification. We present a theoretical
model for this system that enables us to predict oscillation amplitude and instability and experimen-
tally verify it using a silicon disk resonator with a quality factor (Q) of 85 000 and a natural fre-
quency of 251 kHz. We determine that, contrary to previous understanding gained from analyzing
the open-loop system, the presence of cubic nonlinearities does not limit the maximum stable oscil-
lation amplitude if the resonator is operated in a closed loop. In addition, the stability and ampli-
tude behavior predicted by our theoretical model are independent of the presence or severity of
cubic nonlinearities, or on drive amplitude.VC 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4922533]
Micromechanical resonators are widely used in many
applications, such as oscillators for timekeeping1 and gyro-
scopes,2–6 where large oscillation amplitude is desirable as it
increases the signal level, improving signal to noise ratio in
gyroscopes and reducing phase noise in oscillators.
However, at large amplitudes, these micro- and nano-scale
resonators begin to exhibit nonlinearities such as the Duffing
oscillator behavior that arises from cubic stiffness nonlinear-
ity. Because the nonlinear threshold scales with resonator
size, this has long been viewed as a limitation on the ultimate
size of such resonators, since nonlinear behavior has been
associated with degraded performance in open loop devices.7
However, closed-loop devices exhibit different dynamics,
and it has been shown that Duffing behavior does not pose a
problem for stable closed-loop operation of micromechanical
oscillators8 and gyroscopes,9 and there is growing interest in
exploiting this and other nonlinearities10–15 to improve de-
vice performance. Parametric resonance is one such nonlin-
ear amplification method. Recently, parametric resonance
was observed to arise from nonlinear mechanical stiffness
coupling between the degenerate vibration modes of a high
quality-factor silicon disk resonator used as a gyroscope.16
The device’s exceptionally high quality factor (Q¼ 85 000)
was shown to result in a high degree of sensitivity to small
mechanical nonlinearities resulting from stress concentra-
tions, ultimately causing the device to exhibit both the classi-
cal Duffing oscillator behavior as well as the newly observed
parametric resonance. This combination of Duffing and para-
metric nonlinearities can also occur when parametric ampli-
fication is used to actuate the drive or sense axis of a
gyroscope3–5,17–19 and has implications for timing
applications1 as well. For devices such as these gyroscopes
and oscillators, which, either due to high Q or due to small
resonator size, exhibit nonlinearity at small displacements, a
theoretical model of closed-loop operation in the presence of
these nonlinearities is needed to enable operation at large
amplitudes and to inform decisions regarding the design and
operation of these resonators. While the established approach
is to design the resonator structure and control loop to avoid
nonlinear operation, better understanding of the benefits and
penalties of nonlinear operation could vastly improve device
performance through either increased signal levels (through
larger amplitude oscillation) or reduced device size.
Open-loop, parametrically amplified Duffing oscillators
have been studied,20–26 and their corresponding stability lim-
its are well-understood. In Ref. 27, Rhoads and Shaw use the
method of averaging to compute theoretical steady-state
responses for a parametrically amplified Duffing oscillator
operating in open loop and present the resulting amplitude-
frequency and phase-frequency curves. They conclude that
stable open-loop operation is possible, but only at the cost of
decreased performance or bistable behavior. Here, in addi-
tion to the analysis presented by Rhoads and Shaw, we
examine the closed-loop behavior of this system. We extend
their analysis, using the same steady-state solution, but
examining the amplitude-phase relationship of the steady-
state solutions, a technique which is useful for predicting the
closed-loop behavior of nonlinear oscillators.8,9,28,29 We
show that for closed-loop oscillators, stable, parametrically
amplified operation in the presence of cubic nonlinearities is
possible without suffering from jump instabilities, hysteresis,
or degraded performance. The resulting analysis is shown to
predict the experimentally observed behavior of the high-Q
silicon disk resonator.
In order to determine the closed-loop behavior of a para-
metrically amplified Duffing oscillator, the modified
Mathieu equation
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must be analyzed. Here, x is the displacement, m is the modal
mass,30 x is the resonant frequency, Q is the quality factor, k
is the stiffness, Dkk ¼ k is the parametric pump input (normal-
ized stiffness change of the resonator occurring at frequency
2x), k3 is the cubic nonlinearity, and F cosðxt þ /Þ is the
harmonic drive force applied at x. If k3 ¼ 0, Eq. (1)
describes a degenerate parametric amplifier and the motion
resulting from F is either amplified or suppressed, depending
on the phase, /, of the applied 2x pump relative to F. The
total force-to-displacement gain at resonance is Gð/ÞQ=k,
where the phase-dependent parametric gain is given by31
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This function has a singularity at kc ¼ 2=Q, which results in
autoparametric oscillation at frequency 1x for k > kc. Once
cubic nonlinearity is included (k3 6¼ 0Þ, Eq. (1) has no closed-
form solution; however, Rhoads and Shaw compute the sys-
tem response by nondimensionalizing Eq. (1) and applying
perturbation methods, specifically, by the method of averag-
ing.27 Although this approximate solution is closed-form, it is
non-trivial. This method was used to solve for the response of
a highly nonlinear system (k3k ¼ 2 1010) operated close to
the autoparametric limit ðk=kc ¼ 0:95Þ with a pump phase of
/ ¼ 90. The magnitude and phase frequency responses, Fig.
1(a), are multivalued at large amplitude and are strongly de-
pendent on the value of the cubic term, k3, consistent with
Rhoads’ and Shaw’s result. Here, k3 is negative, but for posi-
tive values of k3 the amplitude-frequency response will bend
instead to the right. However, the amplitude-phase plot of the
same model, Fig. 1(b), is single valued and the same plot is
obtained regardless of the value or sign of k3, making this a
useful tool for subsequent analysis. Note that in Fig. 1, the am-
plitude of the response is normalized to the linear response
that would be obtained in the absence of parametric amplifica-
tion and cubic nonlinearity, and the frequency is presented in
non-dimensionalized form, r ¼ xt=Q. For a closed-loop sys-
tem h, the phase shift across the resonator can be experimen-
tally varied by using a phase-locked loop (PLL), so that the
closed-loop oscillation is forced to take place at a given phase,
rather than a given frequency, as will be discussed in detail
below.
The amplitude-phase plots of parametrically amplified
Duffing oscillators are shown for varying pump phase, /,
and pump amplitude, k, in Fig. 2. In this investigation, we
use the numerical values for the system parameters shown in
Table I, which correspond to the parameters of the resonator
used in experiments described below. At pump amplitudes
above kc, the solution becomes unstable for a range of
phases, as indicated by the dashed lines, and autoparametric
excitation ensues.5,31 In practice, the maximum amplitude of
the system will be limited by other nonlinearities32 or me-
chanical contact between the resonator and its surroundings.
In order to experimentally verify these results, we used
a high-Q single-crystal silicon disk resonator originally pre-
sented in Refs. 33 and 34. This 600 lm diameter device is
encapsulated at a low pressure (1 Pa) by an epitaxial silicon
layer in order to achieve high Q (85 000). The epi-seal
encapsulation process was proposed by researchers at the
Robert Bosch Research and Technology Center in Palo Alto
and then demonstrated in a close collaboration with Stanford
University. This collaboration is continuing to develop
improvements and extensions to this process for many appli-
cations, while the baseline process has been brought into
commercial production by SiTime, Inc. The disk resonator
used here, shown in Fig. 3, supports two degenerate elliptical
modes at 251 kHz, as well as higher-order modes both in-
plane and out-of-plane. Because the two degenerate elliptical
modes are flexurally coupled, stress concentrations resulting
from the displacement of one mode can modulate the stiff-
ness of the orthogonal mode, resulting in parametric amplifi-
cation.16 Here, we use one of the two degenerate elliptical
modes and electrostatically tune the second mode to a differ-
ent resonant frequency to prevent modal coupling from per-
turbing the results. Higher order modes are not integer
multiples of the elliptical mode’s resonant frequency and
hence are not of concern. The system parameters are pre-
sented in Table I.
FIG. 1. Steady-state response of a highly nonlinear system (k3k ¼ 2 1010Þ
with a large-amplitude parametric pump (k=kc ¼ 0:95Þ operated with a
pump phase / ¼ 90. Dashed lines indicate solutions which are unstable in
the open loop. (a) Normalized amplitude and phase versus non-
dimensionalized frequency (r¼xt/Q). The frequency response is multi-
valued. (b) Response of the same system plotted as normalized amplitude
versus phase. The amplitude-phase response is single-valued and is used to
predict closed-loop behavior.
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A block diagram of the test system is shown in Fig. 4.
The resonator is locked into closed-loop oscillation with con-
stant amplitude using a digital PLL. While in a conventional
oscillator, Barkhausen’s criterion states that oscillation
occurs at the frequency where the phase shift around the
loop h is equal to zero; the PLL allows the phase shift to be
adjusted to an arbitrary value. A second electrostatic input at
twice the forcing frequency (2x) is then used to modulate
the stiffness of the structure. Details on electrostatic stiffness
modulation can be found in Refs. 30 and 35. A phase shift,
/, is introduced between the 1x and 2x signals to study the
phase-dependent parametric gain.
The experimental amplitude-phase curves are collected
for /¼ 0, 45, and 90, and for k=kc ¼ 0, 0.34, and 0.64.
The results are then normalized to the peak amplitude
obtained when k=kc ¼ 0, and superposed with the theoretical
prediction, as shown in Fig. 5. The experimental results
agree very well with theory. Notice that, in comparison to a
classical linear oscillator, where maximum amplitude occurs
at 0 phase shift around the loop and the amplitude-phase
plot is symmetric about this point, in the parametric oscilla-
tor, the phase shift resulting in maximum amplitude is de-
pendent on the phase of the applied parametric pump, /, and
the amplitude-phase curve is not symmetrical for some val-
ues of /. Below the threshold for parametric instability,
k=kc ¼ 1, the amplitude-phase curve is finite, with the maxi-
mum amplitude occurring at a phase h that depends on the
phase shift, /, between the 1x excitation and 2x parametric
pump. System behavior is dependent on whether the system
is operated at resonance (h ¼ 0) or at a frequency (and there-
fore a phase) offset. When / ¼ 0 (Figures 2 and 5(a)), oper-
ation at h ¼ 0 results in suppressed output for increasing
FIG. 2. Amplitude-phase plots for an oscillator following the nonlinear Mathieu equation presented in Eq. (1) above. System parameters are given in Table I.
The result varies depending on the phase shift, /, between the 1 x excitation and the 2x pump, and the results are plotted for (a) / ¼ 0, (b) / ¼ 45, and (c)
/ ¼ 90. Above the threshold for autoparametric excitation, the solution becomes unstable, as indicated by dashed lines.
TABLE I. Resonator parameters.
Parameter Value
fn ¼ x=2p 251 kHz
Q 85 000
m 3.9lg
k 9970N/m
k3 1.99  1013N/m3
FIG. 3. Scanning electron microscope (SEM) image showing the disk reso-
nator. The device is encapsulated at a low pressure (1 Pa) resulting in high Q
and supports two elliptical modes at 251 kHz, as well as higher-order modes
both in plane and out of plane.
FIG. 4. Block diagram of the closed-loop oscillator control system.
Excitation at 1x is produced by the PLL which enables the phase shift
around the loop, h, to be varied arbitrarily while a secondary 2x pump input
is used to parametrically amplify this excitation. The relative phase, /,
between the 1x PLL output and 2x pump can be varied.
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pump amplitudes; however, off-resonant excitation can
result in amplification. When / ¼ 45 (Figures 2 and 5(b)),
no amplification is present for h ¼ 0, and phase offsets in
each direction result in either amplification or suppression of
input signals, dependent on the direction of the offset. For
/ ¼ 90 (Figures 2 and 5(c)), operation at h ¼ 0 results in fi-
nite amplification, provided k < kc. Above kc, autoparamet-
ric excitation is possible regardless of /; however, the phase
shift required to produce an unstable (autoparametric)
response varies with the relative phase of the pump input. It
would be possible, for instance, to achieve autoparametric
excitation with a pump phase of / ¼ 0, an angle ordinarily
associated with suppression, if the oscillator loop locks to
h ¼ 6 90 (off-resonance).
From the above analysis, we can conclude that stable
closed-loop parametric amplification in the presence of
Duffing nonlinearities is possible, and we can predict that the
behavior of the system as the phase shift around the loop and
relative phase of the pump input are varied. In particular, the
amplitude-phase dependence presented in Fig. 2 can be used
to predict the behavior of parametrically amplified systems
operating in a closed loop with arbitrary cubic nonlinearity
k3. In addition, we note that the closed-loop oscillation am-
plitude is independent of k3 and scales linearly with drive
force for any given pump phase shift and amplitude, pro-
vided k < kc. Thus, the oscillation amplitude is not inher-
ently limited by nonlinearity k3, as was previously
understood. We also experimentally verify the theoretical
results presented in Fig. 2 and demonstrate that the model
can be used to predict the stable closed-loop oscillation am-
plitude of a parametrically amplified Duffing oscillator for a
variety of pump amplitudes and phase shifts.
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